Abstract. We derive the ground state energy up to the fourth order in the fine structure constant α for the translation invariant Pauli-Fierz Hamiltonian for a spinless electron coupled to the quantized radiation field. As a consequence, we obtain the non-analyticity of the ground state energy of the Pauli-Fierz operator for a single particle in the Coulomb field of a nucleus.
Introduction
We study the translation invariant Pauli-Fierz Hamiltonian describing a spinless electron interacting with the quantized electromagnetic radiation field.
In the last fifteen years, a large number of rigorous results were obtained concerning the spectral properties of Pauli-Fierz operators, starting with the pioneering works of Bach, Fröhlich and Sigal [5, 3, 4] . In particular, the ground state energy were intensively studied ( [15] , [19] , [17] , [12] , [9] , [8] , [16] , [14] ).
One of the problems recently discussed is the existence of an expansion in powers of the fine structure constant α for the ground state energy of Pauli-Fierz operators. The very first results in this direction are due to Pizzo [20] and later on Bach, Fröhlich and Pizzo [2] , where the operator for the Hydrogen atom is considered. In [2] , a sophisticated rigorous renormalization group analysis is developed in order to determine the ground state energy, up to any arbitrary precision in powers of α, with an expansion of the form
for any given N , where the coefficients ε k (α) may diverge as α → 0, but are smaller in magnitude than any power of α −1 . The recursive algorithms developed in [2] are highly complex, and explicitly computing the ground state energy to any subleading order of α is an extensive task. In the physical model where the photon form factor in the quantized electromagnetic vector potential contains the critical frequency space singularity responsible for the infamous infrared problem, it is expected that the rate of divergence of some of these coefficient functions ε k (α) is proportional to log α −1 . However, this is not explicitly exhibited in the current literature; for instance, it can a priori not be ruled out that terms involving logarithmic corrections cancel mutually. Moreover, for some models with a mild infrared behavior [14] , the ground state energy is proven to be analytic in α (see also [18] ).
In a recent paper [7] Chen, Vougalter and the present authors study the binding energy for Hydrogen atom, which is the difference between the infimum Σ 0 of the spectrum of the translationally invariant operator and the infimum Σ of the 1 spectrum of the operator with Coulomb potential. It is shown in [7] that the binding energy as the form
where the coefficients e (1) , e (2) and e (3) are independent of α and explicitly computed. A natural question thus arose in the community, to know wether the logarithmic divergent term in (1) stemmed from Σ, Σ 0 or both. This question can not be answered on the basis of the computations done in [7] , because we did not compute separately the value of Σ and Σ 0 , but their difference.
Although the value of Σ 0 was known up to the order α 3 from earlier work [6] , this did not allow us to answer the above question.
In the work at hand, we compute the infimum Σ 0 of the spectrum of the translationally invariant operator, up to the order α 4 with error O(α 5 ), derive Σ up to the order α 4 , and show that the logarithmic term in (1) is related to Σ and not to Σ 0 .
The model
We study a non-relativistic free spinless electron interacting with the quantized electromagnetic field in Coulomb gauge. The Hilbert space accounting for the pure states of the electron is given by L 2 (R 3 ), where we neglect its spin. The Fock space of the transverse photons is
is the symmetric tensor product of n copies of one-photon Hilbert spaces L 2 (R 3 ) ⊗ C 2 . The factor C 2 accounts for the two independent transversal polarizations of the photon. On F, we introduce creation and annihilation operators a * λ (k), a λ (k) satisfying the distributional commutation relations
where a ♯ λ denotes either a λ or a * λ . There exists a unique unit ray Ω f ∈ F, the Fock vacuum, which satisfies a λ (k) Ω f = 0 for all k ∈ R 3 and λ ∈ {1, 2}. The Hilbert space of states of the system consisting of both the electron and the radiation field is given by
We shall use units such that = c = 1, and where the mass of the electron equals m = 1/2. The electron charge is then given by e = √ α. The Hamiltonian of the system is given by
where : (· · · ) : denotes normal ordering. The free photon field energy operator H f is given by
The magnetic vector potential is
is the part of A(x) containing the annihilation operators, and A + (x) = (A − (x)) * . The vectors ε λ (k) ∈ R 3 are the two orthonormal polarization vectors perpendicular to k,
In (2), the function κ implements an ultraviolet cutoff on the momentum k. We assume κ to be of class C 1 , with compact support in {|k| ≤ Λ}, 0 ≤ κ ≤ 1 and κ = 1 for |k| ≤ Λ − 1.
The ground state energy of T is denoted by
We note that this system is translationally invariant; that is, T commutes with the operator of total momentum
where p el and P f denote respectively the electron and the photon momentum operators.
Therefore, for fixed value p ∈ R 3 of the total momentum, the restriction of T to the fibre space C ⊗ F is given by (see e.g. [10] )
where by abuse of notation, we dropped all tensor products involving the identity operators I f and I el . Henceforth, we will write
It is proven in [1, 10] that Σ 0 = inf spec(T (0)) is an eigenvalue of the operator T (0) .
We are now in position to state our first main result. On F we define respectively the positive bilinear form and its associated seminorm
where P Φ2 ⊥ is the orthogonal projection onto {ϕ ∈ F | ϕ, Φ 2 * = 0}.
The proof of Theorem 2.1 is postponed to Section 4. The proof of the upper bound is derived in subsection 4.1 using a bona fide trial function, whereas the most difficult part, namely the proof of the lower bound, is given in subsection 4.2.
Corollary 2.1 (non analyticity of inf spec(H)). The Pauli-Fierz Hamiltonian for an electron interacting with a Coulomb electrostatic field and coupled to the quantized radiation field is
Its ground state energy Σ := inf spec(H) fulfills
,
are defined in (6) in Theorem 2.1 and the coefficients η i (i = 1, 2, 3) are given by the decomposition of Ψ according to (8) and the conditions (9) . Then
Proof. According to [6, Theorem 3 .2], we have
Now we write
The second term in the right hand side of (15) is bounded as follows
where we used (14) . For the first term in the right hand side of (15), we write
Straightforward computations shows that the last three terms in the right hand side of (17) are O(α 3 ). To estimate the first integral in the right hand side of (17) we follow the strategy used in the proof of [6, Proposition 3.1] as explained below.
For σ > 0, let T σ (p) denote the fiber Hamiltonian regularized by an infrared cutoff implemented by replacing the ultraviolet cutoff function κ of (2) by a C 1 function κ σ with κ σ = κ on [σ, ∞), κ σ (0) = 0, and κ σ monotonically increasing [1, 10] ). In Formula (6.11) of [11] , it is shown that
where from (6.12) of [11] , it follows that
and that
if the electron spin is zero. Thus it follows immediately from (6.19) in [11] that
for spin zero, where m ren,σ is the renormalized electron mass for p = 0 (see [1, 10] ), defined by
As proved in [1, 10] , 1 < m ren,σ < 1 + cα uniformly in σ ≥ 0. Therefore, one can write
where Ψ = s − lim σց0 Ψ σ (0) (see [1] ). The inequalities (16) and (22) conclude the proof.
A straightforward consequence of this result is
Proof of Theorem 2.1
We introduce the following notations:
For n ∈ N we also define Γ (n) as the orthogonal projection onto the n-photon space F n of the Fock space F, whereas Γ (≥n) shall denote the orthogonal projection onto k≥n F k . Finally, we set 
We then compute Ψ trial , T (0)Ψ trial / Ψ trial 2 . A straightforward computation yields
which concludes the proof of the upper bound.
4.2.
Proof of the lower bound. Since
As in (8)- (9), we decompose the ground state Ψ of T (0) as follows
Each term in the right hand side of (28) are estimated respectively in Lemmata A.2-A.5.
We thus collect all terms that occur in Lemmata A.2-A. • Terms with a pre-factor α 2 involving a remainder term R i .
4 , R 4 * − 8α 2 Re η 3 Φ
4 , R 4 * • Terms with a pre-factor α 2 not involving remainder terms R:
Since from Lemma A.1 we have
, and thus |η 2 | 2 = 1 + 2(Re η 2 − 1) + O(α 2 ). Together with (31), this yields
The first term in the right hand side of (32) is the α 3 term in the equality (5), thus we leave it as it is. The last line in (32), which is positive, shall be used later to estimate the terms (I) and (IV ).
The second term in the right hand side of (32) is estimated together with the term α 2 Φ 1 2 * (Re η 2 − 1) 2 obtained in the lower bound (30) for (II). We obtain
• Collecting estimates (30), (32) and (33) yields
• Terms with a pre-factor α 4 .
4 , Φ 4 * + Re η 3η4 Φ
Let us first remark that in this expression, we have terms with pre-factorη 2 and positive terms with pre-factor |η 2 | 2 , therefore, this implies thatη 2 is uniformly bounded in α for a minimizer. The same remarks hold for η 4 . Thus, there exists c < ∞ independent on α such that
Now, we add to the term (IV ) half of the positive term 4α
2 * |η 3 − η 2 | 2 obtained in the lower bound (34) for (II) + (III), and we split the resulting expression in three parts as follows
where
and (IV )
Using from Lemma A.1 that η 2 = 1 + O(α) and the fact that η 4 is bounded uniformly in α (see (36)) yields
The term (IV ) (1) is treated as follows
Sinceη 2 is bounded (see (36)), the first line and the second line in the right hand side are of the order α 5 . In addition, replacing η 2 by 1 + O(α) (see Lemma A.1) in the third line of (42) yields
Eventually, we estimate the term (IV ) (3) . We have
The first line in (44) is estimated as
where we used again |η 2 | 2 = 1 + O(α) and |η 3 | = O(1). The second line in (44) is estimated as
Similarly, the third line in (44) is estimated by
Collecting (45), (46) and (47) yields
This inequality, together with (37), (41) and (43) gives
• Next, we can treat the term (I). For that sake, we add the remaining other half of the positive term 4α
and using the fact that Φ (1) 2 , R 2 * + Φ (2) 2 , R 2 * + Φ (3) 2 , R 2 * = Φ 2 , R 2 * = 0, we get, following the same arguments as for the estimate of (IV )
• Terms with a pre-factor α 5 and the terms O(α 5 ). Collecting these terms yields the following result
The last equality holds since η 1 , η 2 , and η 3 are bounded (Lemma A.1) and since we proved in (36) thatη 2 and η 4 are also bounded.
• Collecting (34), (49) (50) and (51) thus gives
We conclude the proof of the lower bound for inf spec(T (0))) by computing
where we used that η 1 , η 3 ,η 2 , and η 4 are bounded (Lemma A.1 and (36)), that η 2 = 1+O(α) (Lemma A.1), and as a consequence of Corollary 3.1 that the following holds:
4.3. Proof of Theorem 2.2. The proof of (10) is a consequence of the fact that inf spec(T (0)) = Ψ, T (0)Ψ / Ψ 2 and the value of
The properties for η 1 , 3 and η 2 were already established in [6] as reminded in Lemma A.1. The properties forη 2 and η 4 come from the fact thatη 2 and η 4 minimize (52) up to O(α 5 ). The equality R * = O(α 2 ) is given by Proposition 3.1. The equality R * = O(α 2 ) is a consequence of R * = O(α 2 ), the definition (10) forR, and the * -orthogonalities in (9) .
Finally, Corollary 3.1 proves R = O(α), which in turn implies R = O(α).1 , S.A. VUGALTER 2 ,
Proof. Using the decomposition (8)-(9) of the ground state Ψ, we obtain Re Ψ, 4α
For each value of n, we collect separately the terms in the right hand side of this equality that stem from Re Γ (n) Ψ, 4α
For estimating some of these terms, like in (57) or (58), we shall add a term like ǫ H f R, R or ǫ P 2 f R, R borrowed from the left hand side of (55).
-For n = 0 there is no contribution.
-For n = 1, we obtain the terms Re R 1 , 4α
where we used the ·, · * -orthogonality of R 1 and Φ 1 given by (9), Re R 1 , 4α
Note that we shall use the above argument several times in this proof, as well as in the proof of the other lemmata of this Appendix. We shall not give details again in these other cases.
We also have the following terms Re R 1 , 4α
where we used from [15, Lemma A4] the inequality
Re 2η 
with similar argument as for(58) for the last inequality.
-For n = 3, we obtain the terms Re 2η 3 α 
where we used (11) 
using A − R 4 ≤ c H
